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Main ldeas { w\/

#® PSI-Center: further developing a tetrahedral mesh MHD
simulation code to model Emerging Concept (EC)
experiments (MH4D: Lionello & Schnack, 2004)

» represent the complex 3-dimensional geometry of many
EC experiments

» using existing programs for gridding, parallel
Implementation, and visualization

# Semi-implicit time-stepping algorithm validation
» Sound wave in a box
» Alfvén wave in a box
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Code: Resistive MHD Model ] (y\

PSI-Centef
%—?:—E B=V xA J=V xB
E=-—~vxB+nJ
dp
M v &
o1 Py
ov 5
P E+V°VV =—-Vp+J xB+vViv
dp

E+V-Vp:—7pv-v+v-q+62

Alfven velocity: V, = B/\/p
Alfvén transit time: 74 = a/V4
Resistive diffusion time : 7z = a? /7

Lundquist number: S = 75/74
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Tetrahedral Grid \W

PSI-Centef
j # Sides are labeled by index of
their opposite vertex
c. centroid of tetrahedron
m,;: midpoint of edge 1;;
C;: centroid of side ¢
S,: vector area of side ¢

© o o 0o o

s,. vector area of dual median
surface

°

V.. volume of tetraderon c

1 1 1
gsz‘ Ve ==L (L x Iy) = _glz‘j + S
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Finite Volume Formalism “(y\

PSI-Centef
Integral relations to define differential operators

Gradient:
/ VIdV = / nfdS
V S
Divergence:
/V-FdV:/ﬁ-FdS
V S
Curl in 2D
/n-VdeS:%F-dl
S C
Curl in 3D

/VdeV:/ﬁdeS
1% S
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Boundary Condition *fl:y\

PSI-Centef
# Natural boundary condition,

® We must specify A; = (I — nn) - A on the boundary
(Dirichlet)

® Item for further PSI-center development
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PSI-Centef

® \ertices: A, J, v
# Centroids: B, p, p

#® \elocity averaged
faces or centroids

pVv
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Partial Implicit Time Stepping “@

PSI-Centef

Large spectrum of eigenvalues associated with MHD operators
= large range of time scales

Fast time scales Slow time scales
ou —— —N—
— = M{u} = Flu} +  S{u}
ot N—— —_—— —_——

Full MHD Operator Alfvén waves, soundwaves interesting physics

To avoid time step restriction, treat "fast" part of operator
implicitly

N Fu + Su”

Quite difficult to achieve precise discrete representation
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go“’““ ang,

No need for operator S “(y\

PSI-Centef
F and M are known operators in MHD computations

S=M-—F
un—i—l —uyn
— Mu" + AtF
U+ ( N >

Works for arbitrary operator F’
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Semi-Implicit Method /l:y\

PSI-Centef

o,
|

For an arbitrary operator GG

_ n+l __ n__ n
I— AtG |u I+ AtM)u" — AlG u

N

Explicit

Sl operator Sl operator

Want to choose G for ease of inversion and inclusion of modes

of Interest
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Semi-implicit MHD operator *f(_y\

PSI-Centef
# use of linearized, ideal MHD wave equation

0°v

pgﬁ:VxVx(vao)xBo

°

large spectrum of normal modes

°

anisotropic spatial operator
modify equation of motion

°

Dv ov
=Y _ A Y
P Vp+J XB+« tS((‘?t)

where S(v) =V xV x(vxB)xB

S 1s self-adjoint.
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Discrete Semi-Implicit Operatorf%%

Use variational principle: PS[-Centef
1
I[(v) = 5/ |V x (vxB)?|+2S-v]dV

Let:

vxB = ZVJXB a;(x), V—ZVJOKJX, S:ZS]-5(X—X]')
J

J

Discrete variational principle:
3L MR S
where I(j, k) = Bj x M(7, k) x B, and is symmetric

Minimization of I — discrete semi-implicit operator S;:

I
J =0 < 5, = Z‘ﬁzg v, Vi
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Time Stepping Algorithm (1) fl//

A* — An—1/2

At

An+1/2 . An—1/2

At
p* . pn—1/2
At
pr1/2 =12

At

nCe ang

PSI-Centef
1 n n—1/2
—v'x B (1)
2
_%Vn ) VAn_1/2, P
v' x B* C' (2
—gV x V x Ant1/2
—gV x V x A" 1/2
_V . (pn—l/QVn) ’ P (3)
—V - (p*v"), C (4
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Time Stepping Algorithm (11) ¢

x _ ,mn—1/2
p p n—1/2_n
- V. P
n+1/2 . n—1/2
p p
— V(Y C
A7 (P™v")

—(y = 1) p" PV v,

\ence ang

Y

v

PSI-Cente!

(5)

(6)
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Semi-Implicit Momentum. f’@
PSI-Centef

M A_tv = —v"'-Vv", P (7)
VA_tV = V. VvV C (8
Jn—|—1/2 % Bn—|—1/2 Vpn—l—l/Q
T prt1/2 o prt1/2
+V : C’QAtngH/QV (V¥ —v™)
Atp8+1/2 |
n+l v Vyp’g‘l‘l/QVVn—i—l
At N iz ®)
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Linear Sound Wave f’@

Linear system: PSI-Center
a V 1 1 0 Pressure, P_0=1, rho_0=1
., _Vpl

ot P0
apl [1.13
—_— — _— PO V . Vl 1.1
at W/ ( ) — 1.08
Eigenvalue: w = k,/ry22
o

Eigenvectors:
vy = esin(ky) sin(wt)y

0.897

Py = e\/vPypo cos(ky) cos(wt) ke et 110

Fork =2 where L =10,y =2, Py =1,py =1

Wt
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=21T

freqeuncy [w]

Linear Soundwave Disspersion Relation of MH4D

| | |
.2 res.

.1 res.

Si, .2 res.

si, .1 res.

theory C,=Sqrt(5/3)

>< -
+

S

O DA+

4 5
wave number [n],k =n 217 L
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Log[At]

0.1

0.01

0.001

Advantage of Semi-Implicit ¢

Semi-Implicit Allows Increased Time Step

| | |
explicit  +
semi-implicit X

XX

50

100

150

200 250 300
Number of timesteps, n=1

350 400 450 500
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Log[Velocity flux, At]

1000 [

100 |

0.01

0.001

Adjusting for Fluid Flow

Velocity flux, Sl timestep

50 100 150 200 250 300 350 400 450
Number of timesteps, n=1

ICC Workshop February 13-16, 2006 Austin, Texas — p.19/23

500



Linear Shear Alfven Wave

Assume: v = 0,By = Byy,andJ =V x B
Linear system:

aA. 1 0 B_z, B_O_y=1,r£|0_0=1
=V X B 0
ot

5’V1
~—1-J,xB
0 >y 1 X Dy

Eigenvalue: w = k,—% = k,Vy
Eigenvectors:

A, = —eposin(kyy) cos(wt)x [
vy = —eky+/po sin(k,y) sin(wt)z _

Let Ag = £2 (2% — 22), and k, = =%, where
Lzl,BO:L,OO:l.
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freqeuncy [w]

MHA4D Resolves the Shear Alfvén Wa

50

40

30

20

10

Linear Shear Alfven Disspersion Relation for MH4D

| T T | |
explicit
semi-implicit <
theory: k* Vp --------- )
A _
X
] | A | |
4 6 8 10 12 14

wave number [n],k =n 17/ L
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Log[At]

Advantage of Semi-Implicit

Semi-Implicit Allows Increased Time Step
1r T T T T T T L
- explicit  +
semi-implicit X
01 :_ xxxxxxm
><><><><
><><><><
><><><><><
><><><><><
><><><><
ah
><><><><
X
ad
XXXXX
0.01 | N -
0001 ] ] ] ] ] ] ] ] ]
10 20 30 40 50 60 70 80 90 100
Number of timesteps, n=1, Shear Alfven Wave
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Conclusion W

\5__,, A
PSI-Centef

The PSI-Center is refining the tetrahedral mesh MHD simulation
code, MH4D, to model Innovative Confinement Concepts
experiments.

Semi-Implicit Time Stepping :

# succesful for linear sound wave
#® promising results for linear shear Alfvén wave
Current challenges:

® test semi-implicit for non-linear MHD problem
#® complicated boundary conditions
Future challenges:

# regions of near zero density
# neutral gas injection and ionization
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