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Main Ideas

PSI-Center:furtherdevelopinga tetrahedralmeshMHD
simulationcodeto modelEmergingConcept(EC)
experiments(MH4D: Lionello & Schnack,2004)

representthecomplex 3-dimensionalgeometryof many
ECexperiments
usingexistingprogramsfor gridding,parallel
implementation,andvisualization

Currentstatus
vacuum�elds in code
input/outputin GeneralMeshViewer (GMV) format
(Ortega,2000)
preliminarysimulationsof HIT-SI andZAP experiments
with nearexperimentalparameters

2005 47th Meeting, APS Division of Plasma Physics – p.2/29



Code: ResitiveMHD Model

@A
@t

= � E B = r � A J = r � B

E = � v � B + � J

@�
@t

= � r � � v

�
�

@v
@t

+ v � r v
�

= � r p + J � B + � r 2v

@p
@t

+ v � r p = � 
 pr � v + r � q + Q

Alfvén velocity: VA = B=
p

�
Alfvén transittime: � A = (2� r axis )=VA

Resistive diffusiontime : � R = 1=(� � 2)
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Include VacuumFields

Assumeexternal�elds:

_A = � Eint

and B total = B + B ext

) _A = v � (B + B ext ) � � J + Eext

) �
�

Dv
Dt

�
= �r p + J � (B + B ext ) + � r 2v

where
Eext = Voltcoef f (v f 1 sin(! t) + vf 2 cos(! t))

B ext = Fluxcoef f (v f 1 sin(! t) + vf 2 cos(! t))

If B ext is time dependentthenits inducedelectric�eld mustbe
includedin Eext .
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Tetrahedral Grid

Sl

Sk

Si

Sj

l ij

l jk

Ci

Cj

Cl

Ck

mjk

mij

mil

si

i

j

k

l

c

Sidesarelabeledby index of
theiroppositevertex

c: centroidof tetrahedron

mij : midpointof edgel ij

Ci : centroidof sidei

Si : vectorareaof sidei

si : vectorareaof dualmedian
surface

Vc: volumeof tetraderonc

si =
1
3

Si Vc =
1
6

l ij � (l ik � l il ) = �
1
3

l ij � Sj
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Finite VolumeFormalism

Integral relationsto de�ne differentialoperators
Gradient: Z

V
r f dV =

Z

S
n̂f dS

Divergence: Z

V
r � FdV =

Z

S
n̂ � FdS

Curl in 2D Z

s
n � r � FdS =

I

C
F � dl

Curl in 3D Z

V
r � FdV =

Z

S
n̂ � FdS
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Magnetic Field

VectorpotentialA de�ned onvertices

A varieslinearlywithin tetrahedronZ

V
BdV =

Z

V
r � A dV =

Z

S
dS � A

) B� V� =
4X

s=1

Ss � �A s

In termsof vertices:
B � = �

1
3V�

X

� (� )

S� � A �

B � : constantwithin tetrahedron�
�A s: averageof A over the3 verticesof sideS
V� : volumeof tetrahedron�
� (� ): indicesof the4 verticesof tetrahedron�
S� : outwarddirectedsideoppositevertex � 2005 47th Meeting, APS Division of Plasma Physics – p.7/29



Divergenceof B
UsingGauss'theoremto dualmedianvolumeelement
surroundingvertex �

(r � B )� v� =
1
3

X

�

B � � S� (� )

=
1
3

X

�

1
V�

X


 (� )

�A 
 � (S� � S
 )

v� =
P

� (� )
1
3V� : volumeof dualmedianvolumeelement

� (� ): indicesof thetetrahedrasharingvertex �
� (� ): index of thesideof tetrahedron� oppositevertex �

 (� ): indicesof the4 sidesof tetrahedron�

Contributionsfrom commonsidesof adjoiningtetrahedra
cancel
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Another Derivation of B

A varieslinearlywithin tetrahedron

A (x) =
X

�

A �

�
1 �

1
3V�

S� � (x � x � )
�

Take curl of A

B� = " �� 

@A


@x�

) B � = �
1

3V�

X

� (� )

S� � A �

Sameas�nite volumerepresenation.
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Curr ent Density
Apply Stoke's to dualmedianvolumeelement

Z

V
JdV =

Z

V
r � BdV =

Z

S
n̂ � BdS

UseB in termsof A

J� v� =
1
3

X

� (� )

S� (� ) � B �

J� v� =
X

� (� )

X

� 0(� )

M � (� ; � 0) � A � 0

M � (� ; � 0) =
1

9V�

��
S� (� ) � S� 0(� )

�
I � S� 0(� )ST

� (� )

�

M � is symmetric,self adjointandthediscrete“curl-curl” opera-

tor
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Variational Principle (VP)
begin with functional:I (A ) = 1

2 [(r � A )2 � 2J � A ] dV

minimizeI w.r.t variations� A , let A ! A + �� A

I (A + �� A ) =
1
2

Z �
(r � A )2 � 2J � A

�
dV

+ �
Z

(r � A � r � � A � J � � A )dV
| {z }

C

+
� 2

2

Z
(r � � A )2dV

I hasminimumat � = 0 only if C = 0. Vectoridentitiesand
integrationby partsimplyZ

� A � (r � r � A � J) dV = �
Z

S
� A t � (B � n̂)dS

where A t = (I � n̂n̂) � A
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Let: I (A ) = 1
2 [(r � A )2 � 2J � A ] dV

Minimum of I (A ) is solutionto r � r � A = J with A t

speci�edon boundary

Minimize I (A ) on tetrahedralgrid with N� verticesandN�

tetrahedra.
ExpandA (x) with basis� � (x): A (x) =

P
A � � � (x)

Expandcurrentdensitywith deltafunctions:
J(x) =

P
� v� J� � (x � x � )
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VP givesdiscreteresult

Discretefunctional:

I =
1
2

X

�

X

� 0

A � � M (� ; � 0) � A � 0 �
X

�

X

� 0

v� J� � A � 0� � 0(x � )

where M =
X

�

M �

To minimize, @I
@A �

= 0; 8 � = 1; : : : ; N�

( )
X

�

� � (x � )v� J� =
X

�

X

�

M � (�; � ) � A � ; 8 � = 1; : : : ; N�

Setting� � (x � ) = � �� is the�nite volumeexpressionfor solving
J from A
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Boundary Condition

Naturalboundarycondition,

� A t � (B � n̂) = 0

We mustspecifyA t = (I � n̂n̂) � A on theboundary
(Dirichlet)

Itemfor furtherPSI-centerdevelopment
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Variableson Grid

vr
i

j

k

l

r

B

p

A
J
v

Vertices:A ; J; v

Centroids:B ; �; p

Velocity averaged to
facesor centroids
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Partial Implicit Time Stepping

Largespectrumof eigenvaluesassociatedwith MHD operators
) largerangeof timescales

@u
@t

= Mf ug
| {z }

Full MHD Operator

=

Fasttimescalesz }| {
F f ug

| {z }
Alfv�n waves,soundwaves

+

Slow timescalesz }| {
Sf ug

| {z }
interestingphysics

To avoid timesteprestriction,treat"fast"partof operator
implicitly

un+1 � un

� t
= F un+1 + Sun

Quitedif�cult to achieveprecisediscreterepresentation
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No needfor operator S

F andM areknown operatorsin MHD computations

un+1 � un

� t
= F un+1 + (M � F )

| {z }
S= M � F

un

= M un + � tF
�

un+1 � un

� t

�

Worksfor arbitraryoperatorF
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Semi-Implicit Method

For anarbitraryoperatorG
0

@I � � tG| {z }
SI operator

1

A un+1 = (I + � tM ) un

| {z }
Explicit

� � tG| {z }
SI operator

un

Want to chooseG for easeof inversionandinclusionof modes

of interest
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Semi-implicit MHD operator

useof linearized,idealMHD waveequation

� 0
@2v
@t2

= r � r � (v � B 0) � B 0

largespectrumof normalmodes

anisotropicspatialoperator

modify equationof motion

�
Dv
Dt

= � r p + J � B + � � tS
�

@v
@t

�

where S(v) = r � r � (v � B ) � B

S is self-adjoint.
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DiscreteSemi-Implicit Operator
Usevariationalprinciple:

I (v) =
1
2

Z � ��r � (v � B )2
�
� + 2S � v

�
dV

Let:
v � B =

X

j

(v j � B j )� j (x); v =
X

j

v j � j (x); S =
X

j

Sj � (x� x j )

Discretevariationalprinciple:

I (v) =
1
2

X

k

X

j

v j � N(j; k) � vk + Sk � vk

where N(j; k) = B j � M (j; k) � B k andis symmetric

Minimizationof I ! discretesemi-implicitoperatorSi :

@I
@vi

= 0 ( ) Si = �
X

j

N(i; j ) � v j ; 8 i:
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Tetrahedral Mesh for HIT -SI
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HIT-SI: y-z cut plane
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Domain decomposition
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Domain decomposition
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Tetrahedral mesh(1cm)
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Domain decomposition
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Simulation

T = 10eV; n = 10� 15=cm� 3

Applied2kV from outerto innerelectrode
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MH4D computing

Tetrahedralmeshgeneration:

T3D (Rypl, 2004)

Parallelimplementations:

MPI

METIS (Karypis& Kumar, 1999)for domaindecomposition

PETSc(Baley etal., 2000)for preconditionedCGsolver on
unstructuredgrid

Visualization:

GeneralMeshViewer (GMV) (Ortega,2000)for visualizing
dataon tetrahedralgrid
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Conclusion

ThePSI-Centeris re�ning thetetrahedralmeshMHD simulation
code,MH4D, to modelInnovative Con�nementConcepts
experiments.
Currentre�nement:

GMV format

vacuum�elds

Currentchallenges:

complicatedboundaryconditions

neutralgasinjectionandionization

Futurechallenges:

regionsof nearzerodensity

2005 47th Meeting, APS Division of Plasma Physics – p.29/29


		extcolor {blue}{Main Ideas}
	Code: Resitive MHD Model
	Include Vacuum Fields
	Tetrahedral Grid
	Finite Volume Formalism
	Magnetic Field
	Divergence of �f {B}
	Another Derivation of �f {B}
	Current Density
	Variational Principle (VP)
	
	VP gives discrete result
	Boundary Condition
	Variables on Grid
	Partial Implicit Time Stepping
	No need for operator S
	Semi-Implicit Method
	Semi-implicit MHD operator
	Discrete Semi-Implicit Operator
	Tetrahedral Mesh for HIT-SI
	HIT-SI: y-z cut plane
	Domain decomposition
	Domain decomposition
	Tetrahedral mesh (1cm)
	Domain decomposition
	Simulation
	MH4D computing

