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Overview

e General moment equations

- Linearized collision operators Ji Held, PoP 2006 2008

- Nonlinear collision terms Ji Held PoP 2009

e Analytic solution for a uniform plasma Ji Held, Phys. Rev. E 2010
e Parallel closures for general collisionality

- Heat flow Ji Held Sovinec, PoP 2009

- Viscosity Ji Held, J Fusion Energy 2009
e High collisionality closures for electron-ion plasmas

- Electrons: require more moments

- lons: keep ion-electron operator and time derivative terms

e General collisionality closures in a strong magnetic field NIMROD meeting
October 2009
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General moment equations

e Landau (Fokker-Planck) kinetic equation

O fq dfa
5; —|—V~Vfa—|——(E+V><B f ZCfa,fb (+X +1+ R)

e Moment expansion
fo(t,x,v) = ]‘;1:4 > ik m!*(t,x) - piF with fM = #—j}%a exp(—c?)

n't = n,m! = [dvp'Ff.(t,x,V)

where p'*’s are orthonormal polynomials of ¢, = (v — V) /v7,
e General moment equations: [ dvp’?(kinetic eq.)=

dond? + Q.bxnd? 4 {E(d, InT) + UV -V + U/ (YV) - +U (VV)-}ppni”
+ {’UT\ifjiV +op®IEVInT + v}léjiaa}p (-)nIELF
+0}Z};‘Evv( )2k — (Cupk +A3pk)nyk +ijk gk Céi)jp

where d, =0, + V, -V and a, = q—“(E+Va x B)—d,V,

mg

» Farewell to the velocity variable v 3/17



Several low order moments

p* =Pl(c)Li(c?) | L = L,E;H%) n'* | fluid moment equation | indep.
PO =1 Ly=1 n density 1
L =3 —¢? 0 temperature 1
Pl=c Ly=1 0 flow velocity 3
Li=2-¢ nil heat flow (h) 3
Ly=3 124 1c | nt? heat w. heat flow 3
P2 = cc — %I LZ=1 n2Y viscosity (7r) 5
L3=1-¢ n?1 heat viscosity 5
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Moment equations for closures

e Maxwellian moment (n,, V4, T,) equations
(0,0):  dyng +n,V-V,=0
(0,1) : %nadaTa +n,1,V-Vo+V-h,+VV,:7m,=Q,
(1,0) : ManadaVa — neqa(E+V, xB)+Vp, + V-7, =R,

7

e Non-Maxwellian moment equations (j,p) # (0,0), (0, 1), (1,0)
Dang + Qabxng = (Caa + Agp)ng + Ga + Bapny + O

_ 02 03 11 .12 20 L21 T
where n, = (n%2,n93 ... nll pl2 ... n20 p21 0 )T
[ MBelTe UT, 4 §40v/2ali0 e Vs —Ln,W,
2 T, €l Tei VUTe \/5
) 120 ne Vi
aelei  — T 0
1 __ €l Tej 'U\;"e G2 L
Ga — ) 130 ne Vei » g T 0 )
aeaei Tei UTe

\ ; ) N

1p0 3(p+3)! - T 2
e ——\/(2p+3)p!(%)!,andW—VV+(VV) —3IV-V
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General moment equations
= 21 moment (5+N{n'' n'? n? n?'}1) equations (here V =v;V)

_\/gv .n20 4 @v P BpViInT + Qb x n*t = C1g Ve + Ciintt + Cfyn'?
(Lhs.) :=y/3Vn»? +/22a -0+ 3, InTn" + VInT - (;\/Ll_on% +
—1—§V . Vnll + %ZV ntl 4+ %VK- ntl — \/§V1nTn02 — %VV . n3Y

§n21)

dtn12—%v .n?t 4+ \/gVnOQ —Vn® + \?—V n?? + Ob x n'? = CA'zlo\Afei + é2lln11 =+ CA'212'112
(Lhs.) i+ o2—a-n”! +d; 1nT(—ﬁn“+gn12) ViInT - (/0?0 — &t 4 5 " 22)
_QT\/?V Vnll — 2\/_VV ntt — 2\/_VV-nll QV-Vnm QVV°H12 ELVX n'

LYV 48 130 \/216 31) /14 'vlT an®2 4+ ¥ In T( /175 n02 _ 3n03)

_\/gvnﬂ + 3V 04 V2TV + Qbxn® = Cin® + Cin®
Lhs):4+dnTn? — 2V InTn'"' +V-Vn2 +2VV -n2° 4+, /ZVInT - n*°
V10 8

«n?l 4 \/§Vn11 — anu — \/3v -n3Y 4 ﬂv -n3l+Qbxn?! = éfonQO + éflnm
(Lhs):— /12 ”+v1nT( It = VBn'2) + dinT(2n% — | /7n%)
_\/_V Vn2l — [VV n> \/;vy,n20_|_gv.vn21_|_1_75;2V.n21+%vz.n21
\/%la- —VInT- (\/T;Egn30 + % EnSl) ?thVn02 — 2—74VV . ntY
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VT Me <« Vi

Ordering for electron transport e ~ —— <1, p=—, V =
V|~ my UTe
0 . . |
e Transport ordering a—{ = O(€?) = OnIP, O, V(- )ni*LP (9, InT,)nIP
3 Me Ne , 1} 1
~Nede InTs Tt — —1) — = V.- Re
2?1 " * Bmi Tei (Te ) Te
MM
MeNede Ve +Nee(BE+ Ve xB)+--- = — Ve + -
- ~ - Tel

don?? +Q.bXnI? + {27 (doInT) + UIV - V + U (YV) - +U7 (VV)-}eni®
N—— —— N ~~ g
€ p, V2 €

+ {orWIEV + 0p®IEV In T +07% v ag )y (ndthh
g ——

‘ %
A -:l: . 1 . . k; . . A k ,k B
+ U IV (g% = — (2% + Zalf* )l + GIP + BIP ni® + C2VP
pk —~—~ el el 1
K €2

e Moment equations (2 x 2) for high collisionality (r = Q¢Tee, V = VT Tee V)

—rb x nt! _ ci; g nil n éﬁlnT + \@?aéilov
—rb x n'? 31 3 n'? V2Zal?'V
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Convergence study with increasing moments (Z = 1)

Re — _a||Vei|| — aLVeiJ_ + aXVeiX — 6||v||Te — 6J_VJ_T6 — 6>< v><1ﬁe
he — Te(ﬁHVeiH + 5LveiJ_ + 5><Vei><) — H||v||Te — HLVLTe — Rx v><CZ_1e

1 z T e 10°E — B~ = 1E
 [.51286 (1.3% o E—o— = 71101 (1.2% 10'F = = 3.1616 (1.3%
L 1.50928 (0.6% S L F > .71392 (1.6% S 3.1640 (1.2%
G 7 1 0
r1.50625 i 107 .70343 10°F 3.2007
O 8 I~ 4 F F N
~11.50612 ;421 Hf .70287 aF X 3.2031
- [.50612 - 107k K=2 .70287 107F K=2 3.2031
I - = F o e - jm F oo s -
N Y| A A — K=3 gesl T Ezfo I S Ezfo
L e /ﬂ """"" ﬁfig WF S K=40 103 ;_ S K=40
: o s K:160 10 ? K:160 % K:160
0.4} it N Sf - - =- - Lorentz 10%E - - =3- - Lorentz
[ @ - -g-- Lorentz 107k - fit X F o fit
. F-E- —o— fit f AR ) _10°k
X C X C — 7 X C
x 50| x 50f -~ x s0fF .
© | 18.6%1 2 0o © | e o | 28.1%1 9 5o
x 213.9%, ,, x | : . x |
o I ~ 5.2% o I X} ) 7 iV o e A
Lu 0 2\ \\H\Hll\ \\\HHIO\ \\\HHll\ \\\HHIZ\ \\\HHI3\ LA 4 Lu 0 2\ \\H\Hll\ \\\HHIO\ \\\HHll\ \\\HHIZ\ \\\HHI3\ LA 4 Lu 0 2 T T \\HHI T T \\HHIO T T \\HHI T T \\HHIZ T T\\HH 3
10° 10 10 10 10 10 10 10° 10 10 10 10 10 10 10° 10" 10 10* 10 10
X X X
: o .
L o 50° S N
-1 : 7 - v
10 Z/ 100k
3 g
Y A < r
<c§X _________ ﬁ 10" >
O S N e [ F
10°F
<10° <10° s | fit N
St S S
& S0 & S0p 38.6% = 50|
x | ) x ) 9.0% x | 11.3%4.7% 1o
5 072\ T \\\\HHI’ T \'\—H‘m; "‘\:Huﬂwlui UL B R R % 072\ mmann | 1‘ \HH'\-\-]'-.(;\- \..\‘:\’H\\]l\lfi-\:l'z\'-\—.\\\\\\]3\ UNLEALL 4 5 07' ----- IEEEEEE | T \uumf 0;4\/\0\\\\\] T T T
10° 10" 10° 1)(21 10? 10° 10* 10° 10 10 1)(2 10 10 10 107 10" 10° 10 10° 10°
X
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Convergence study with increasing moments (Z = 100)

Re — _a||Vei|| — aLVeiJ_ + aXVeiX — 6||v||Te — 6J_VJ_T6 — 6>< v><1ﬁe
he — Te(ﬁHVeiH + 5LveiJ_ + 5><Vei><) — H||v||Te — HLVLTe — Rx v><CZ_1e

= - /;632" - —= (] = . -
[ 12.9915 (0.1% Ry - 10 E 1.4912 (1.3% 10* E— g, 12.068 (7.3%
L 12.9883 (0.0% 107 o TED 1.4740 (0.1% ofF 12.980 (0.3%,
[ 12.9874 3 1.4722 10k 13.018
0-81"12.9874 J 1.4722 N 13.018
[ 12.9874 - 10°F K=2 Y 11,4722 10°F K= 13.018
O i = O [ e K=3 !D P S — K=
S o6 0 o e K=3 Q0% L K=10 NOF oo K=10
g T K=10 ] F e K=40 3L e K=40
............. K=40 10k 107
i K160 K=160 g K=160
0.4} - s - - 8- - Lorentz 10" E - - 8- - Lorentz
L - - a- - Lorentz 10°F it F it
= — e it I - N, 0%
S S | 85.9%/N o o o T 7' 63.3%
3 F XL T0 20 - 3%
X sof sob AN\ S0 T & 5ot
o r 25.0% o r /s o r
et k8. 1% 394 et . N e oL X, L2.9%
[N} 0 »2\ \\\HHl-l\ \\H’\’\.\.]-O“\-'\'.\‘ﬁmfl\ \._\-\.H\\lz\ \HHHI3\ T=TTTTT 4 (] 0 2\ \HHH]-:L\..\’HH..\.\]:O\ \.T\.m’\l 1‘ \"HH"\I\.IZW \\’\"‘\\\\]3\ TTTTTIT 4 L 0 > T \ml“\m.\. \‘“Hm]o \...“\:\\.:\.\]\]: \‘/\ HHH]Z =TT 5
10 10 10 1)(2 10 10 10 10° 10 10 10 10 10 10 10° 10 10 10 10 10
X
101k i o
! 10°K
i 10" f g
X I K=2 X O !x N I
<c ......................... K:3 <@_ - <'\j 10 =
102 K=10 E
E K:4O & 102 o P I
i K=160 N i | ;
i - - 8- - Lorentz '\,\ \ I - it 10 — - -8-- Lorentz ‘\®
N S I I —o— fit AN
$10° —  10° <
ST 78.8% - ST S |
x 5ok e x 5ok 52.1% x 5ok
8 50: _ 8 50: 35.4% 8 50: 10 8%
x| oxp o NEE N NS C b A NAS oL rN N 8.8% 0.6%
UJ O 2\ \\\\H\ll\ \\\HHIO\ \\H\Hll\ \\\HHIZ\ \\\\\\\13\ LA 4 UJ O 2\ \\\\H\ll\ \\\HHIO\ \\H\Hll\ \\\HHIZ\ \\\\\\\13\ T 4 UJ O 2 T T \\\\Hll 1 T \\HHIO T T \\\\Hll T T \\HHIZ T LR 3
10° 10° 10 10 10 10 10 10° 10 10 10 10 10 10 10° 10 10 10 10 10
X X X
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Electron coefficients (160 moment sol.4-asymp. sol.)

Braginskii Epperlein & Haines (1986) this work
PO P i o | vzt ag | 1462281 + ao(l - &)
2t + 0122 + do 22 +ajx + ag r3 + asrs +air + ag
. z(af 2% + af) (o + af) Z31(2.532r + ag/as)
a
. zt+ 0122 + 00 | (23 4+ afx? +afx +al)®0 | r3 £ aurs 4+ asr? +asrs +ar + ag
5 .
4 ‘22 + B Bz + B, 8 76.33023 T+ ﬁofn
2t + 0127 + do (23 4+ by + Dz 4 1)/ |13 4+ Byrs + Bar2 + Bors + fir + By
B z(B72* + By) z(Bi'z + 5p) Zr(3r +bo/bs)
| @t 4612 + o 23+ ba? + bz + b | ¢34+ byrd 4 byr? 4 bord + byr + by
. 7z + 7 Mz + 7 (52 + V2)r + ko]
2t 52% + & x3 + cha? + cix + ¢ 3+ Kar3 + K32 + KaT3 + k1T + Ko
; (12 + () (1w +10) r(3r + ko/ks)
a4 a2+ g w3+ ha + Hr o | P karS + kar? + kord + ke + ko
Error less than 15 % less than 1%

1,2,3,4, 00

1—8,10,12, 14, 20, 30, 60, 0o

arbitrary (function of Z)
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Coeflicients of the rational polynomials of a4, G4, and k4

\Z =1|7Z = 2| arbitrary Z | [Z=1[Z=2] arbitrary Z
2
Pt
& 0.504(0.431| 1— ~ i a1]11.22|21.27 21873 +5.31Z + 3.73
14675 — 0.330Z% + 0.888 i
ool 2.13 13.078 [0.62325 —2.61Z5 +3.56Z + 0.557 ||az| 7.35 |15.41 7417 +1.1125 —1.17
a1 | 2.97 |3.997 2.247% — 111775 + 1.84 as| 6.14 |7.253 3.89Z3% — 451753 + 6.76
s -0.081[-0.106 —0.0983Z5 + 0.0176 as| 2.541 | 3.128 2.2673 + 0.281
ao | 4.093 |9.250 [0.075925 + 0.89722 + 2.06Z + 1.06|(as| 5.07 |9.671| 1.18Z3 — 1.03Z7 + 3.60Z + 1.32
5
A A 8773 272 + 6237
B,10.702 | 0.905 _ - bo|1.074 | 1.980 | OBTZ4THT82Z" + 6232 4 366
0.693Z5 — 0.279Z5 4 Z +0.01 1000
Bol 3.52 [10.55] 0.15625 +0.99422 +3.217 — 0.84 |[b:]1.281] 2.66 0.134Z2 + 0.977Z + 0.17
4| 8.23 [20.03 3.69Z5 +3.777 + 0.77 by | 4.896 | 6.746 |0.68923 — 0.377Z3 + 3.94Z3 + 0.644
Bs| 5.31 |13.87| 9437 +4.2275 —12.923 +4.56 ||b3] -2.29 |-2.605| —0.109Z + 1.33Z3 — 3.80Z3 + 0.289
35| 3.99 |5.955 270725 +1.46Z3 — 0.17 by| 2.98 | 4.425 24673 + 0.522
Ba| 2.75 |3.421 2.5823 +0.17 bs | 1.1312.202 ] 0.10222 + 0.746Z + 0.072Z5 + 0.211
13.57° + 54.47Z + 25.2 0.0396Z° + 46.3Z + 176
¢ 13.204 | 2.464 kol 0.222 | 0.269
" 7% 4 8.357% 15,27 + 451 0 ] 1000
9.912% + 75.3Z% + 5187 + 333 15.47° + 18872 + 2407 + 35.3
0.936 | 1.749 k110.343 | 0.580
o i 1000 ! 1000Z + 397
211 12. . . 01 —12. 1
o 1166 | 5,600 | 02271272 14847 +6.45 || T T o 02592 12152+34
; Z+57.1 73 +0.741Z73 +31.0
0.93273 +0.1357% + 12.3Z + 8.77 0.431Z2% + 3.69Z + 0.0314
-1.635(-2.212 ks | 0. 1.62
Ko |-1.635 Y 21 0.899 | 1.626 VESY
1635 2.010| 0-2462° +2.652° — 9287~ 196 ||, | " T 0.025482 _ 1.6i2’>Z+0.711
22 +19.92 +35.3 Z5 4 4.36Z5 4+ 2.75
|51 2
2.76Z3 — 0.836Z5 — 0.0611 73 +11.92Z% +28.87 +9.07
2, 4.12 027 | 3.91
fa] 2370 | 4129 Z 0214 o] 0-027 | 3918 1737 + 133
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Ordering for ion transport ¢ ~

) | | |
e Transport ordering a—{ — O(2)? = 9yn??, 8, Vi()n!=HP (8, InT})n??

e — 1 1 1 e e —_— Te -
Use 2= = 2 MQ?,Z—H p= e, 0= towrite
i[d 1 — e e Ti
g Tt = =3RLVEG D] =8 )
minid; Vi — nigi(E+ Vi X B) 4o = e [ BV -
—Mminiaj

din]” +Qbxn!” + {Z (d; lnT)+U=7V V + U} (VV) - +UI(VV)}peni”
\\,-/ ~ /

€2 /M/93
+{QT@jiV+vT<§jiV1njj+@ji vT Lag ) ()nd=F

€ \/_V
~ . 1 : . : : “ , .
+ UZE TV (2R = — (PP 4 Za?P% )ik 4 GIP 4 BIPR ndk 4 0P
pk —~— 1 PPN ie i i ie e i
€ 7 €2

> Qbxn’? + éék(di InT)n?* = (CIP% 4 AIPRynd* 4 GIP
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Effective ion collision operator (for 7} > T.)

1

Y |
Qibxnfp+5‘7k(dilnT)n Ik — (flpk—I— Za‘ffk) jk+Gjp
Tii

. 1 . . .
ik — (PR Pk ”;km(di InT)ni* + g?

rb><n f Z .

7

a’l eff

dilnT + --- /__
ni;+ 7_11 03 \/7

O 0
ai, = — \/? — 1/ 5/ & 0
WoE - VE) TVE
) 3 0 0 35 0 0
22 = —2v7 5 0 |, ajg=-— 0 5/ 0
0 -3v6 7 0 0 7%
e Moment equatlons (3 x 3) for high collisionality
—rb x n! c11 012 613 nll @@lnT
—rb x n 021 622 023 nt2 | + 0
—rb x n! cii ¢ty cis nl? 0
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lon transport coefficients from 3 x 3 calculation

[1.414r17]
[1.414r7
[1.470r7]
4 . [1.589r7]
107 «  [1.968r
O | ——— Braginskii (5.524)%. [1. r_z]
x o2l K=3noa, (5.586) & [6:949"]
AR T/T=0.1 (5.255) ‘%
. L Ti/Te:]' (4.681) ";;.,\\:.
L — T/T.=10 (3.538) .
A ~10nodT, (1.592) Y
10, 52 10" 10° 10 10°
r
100;Hzrﬁﬁﬁﬁﬁﬂﬂmﬁbhk\\\ KL849rﬁ
N [O.849r'§]
4l [0.863r7]
10 [O.895r'z]
~ t —— Braginskii (1.357)%_ [0-961r]
<107y K=3noa, (1.365) -~\,\‘[‘2.325r ]
o T/T=0.1 (1.331)
103F ———mmm T/T =1 (1.265)
i T/T,=10 (1.100)
Lol 10 nodT, (0.395)
10° 10 1})" 10* 10°

-1 _ \
10 L Braginskii .
X K=3noa, \
...................... 'ﬂﬂ;:Oj
1072k SR TIT=1
mmm T/T =10
10 no dT,
T T T
I
i Braginskii “.
; K=3noa,
1072 L T/T,=0.1
e T/Té:l
mmm T/T =10
10 no d.T,
-3 Ll | I | L1
10102 104 1P0 101 102
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General closures in small gyroradius ordering § = p/L < 1

Dn+ Q b>u<n:CA'n+G(G:G(O)+G(1) FS) with n = n(® 4+ n() 4 n@ 4 ...
s5—1

¢ 80: Obxn® =0 = kO = CED, ORI

e 5 : Dn® 4+ Obxn™ = Cn@ 4 GO

Dy = Ca + G = PO () = [ ar K0 — 0)GRO(27) (

|| 0)

-

By
0p)

¥ a I(1
Obxn!M) = Cnl©) 4 GHO) — (D)) = p'tV

e 02: Dn 4+ Qbxn®@ = CnM + GO
Dy = €y + G2 where G o = G} — (Dn),
= nf"V(0) = Jar k(- )G )
(bn)l(l) + bxnt@ = ont@ 4 GlA) = nlf)

» No flux surface average, exact collision opeartor, general collisionality
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Example: electron heat flow for 7T'(¢) = Ty + T sin kr/

A fitting formula for K111 is constructed from the 1600 (L = 40, K = 40) parallel
moment solution and the collisionless limit

i — A’,‘->'\. \\
100 = = \ \‘\
- N \
\\ \
\
10-1 B \
8 \
_ \\
C I \
1072k Fitting AN
Y A - L=04,K=04
i —mm—— L=20, K=20
10-3 -/ T L=40, K=40
/ vl ol vl el 1

10* 10° 10% 10* 10° 10' 10% 10° 10°

K.

Obtain simple fitting formulas for other K7P:t*
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Summary (done) and future work

e Analytical solution for a uniform single component plasma

- lon-electron or ion-ion equilibration (with nonlinear collision terms)

- General 21 moment equations in NIMROD

e Closures for high collisionality ion-electron plasmas (NIMROD)

- General mass ratio (impurities)

e General collisionality: small gyroradius (9) ordering

Parallel closures for general collisionality (heat flow: NIMROD SSPX)

e Simple form of kernel functions
° V” In B effect

Up to 62 order in perpendicular transport on flux surfaces (no flux surface
average)

Without flux surfaces

- Apply to various fusion devices
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