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The Hybrid Kinetic-MHD Equations
C.Z.Cheng,JGR, 1991

I nh ¿ n0; ¯ h » ¯ 0, quasi neutrality, MHD momentum
equation modi¯ed by addition ofhot particle pressure tensor:

½
µ

@U
@t

+ U ¢ r U
¶

= J £ B ¡ r pb ¡ r ¢ p
h

b; h denote bulk plasma and hot particles
I ½;U for entire plasma, both bulk and hot particle

I steady state equation

J0 £ B0 = r p0 = r pb0 + r ph0

I pb0 is scaledto accomodate hot particles
I assumes equilibrium hot particle pressure isisotropic
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Linearized Momentum Equation and±p
h
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= Js £ ±B + ±J £ Bs ¡ r ±pb ¡ r ¢ ±p
h

I CGL-like±p
h

=

0

@
±p? 0 0

0 ±p? 0
0 0 ±pk

1

A

I evaluate pressure moment atx

±p(x) =
Z

mhv ¡ Vhihv ¡ Vhi ±f (x; v)d3v

±f is perturbed phase space density,m mass of particle, and
Vh is COM velocity of particles
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The Hybrid±f PIC-MHD model
I advanceparticles and±f

zn+1
i = zn

i + _z(zi )¢ t

±f n+1
i = ±f n

i + _±f (zi )¢ t

I depositmoment±p(x) =
NX

i =1

±fi m(vi ¡ Vh)2S(x ¡ xi ) on FE

grid
I advanceNIMROD ¯eld equations with hybrid Kinetic-MHD

momentum equation

½s
@±U
@t

= Js £ ±B + ±J £ Bs ¡ r ±pb ¡ r ¢ ±p
h

I particle dynamics augment °uid dynamics
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PIC in FEM - nontrivial

I particles pushed in real space (R; Z) but ¯eld quantities in
logical space (́; »)

I particle coordinate (Ri ; Zi ) needs to beinvertedto logical
coordinates

R =
X

j

Rj Nj (´; »); Z =
X

j

Zj Nj (´; »);

I iterative process
I sorting and parallelization done at same time
I sorting done by a bucket sort
I computationally most demanding - greatest room for

performance increase
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PIC options

I two equations of motion available
I drift kinetic equations of motion
I full Lorentz force equations of motion

I eventually provide capability of direct comparison
I several distribution functions are available

I slowing down distribution
I Maxwellian
I monoenergetic
I monoenergetic, novk

I several spatial pro¯les are available
I proportional to MHD pro¯le
I uniform
I peaked gaussian

I room for growth

Charlson C. Kim, PSI-Center Hybrid Kinetic MHD in Finite Elements
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±f and the Lorentz Equations

I Lorentz equations of motion

_x = v

_v =
q
m

(E + v £ B)

I use Boris push

I weight equation is

_±f = ¡
2q
m

±E ¢v
@f0
@v2
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Full orbit recovers drift kinetic result

¯ frac scan of (1; 1) benchmark kink

Charlson C. Kim, PSI-Center Hybrid Kinetic MHD in Finite Elements
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FLR Stabilization of Tearing Modes in a RFP
C. C. Kim, Journal of Fusion Energy, Vol 27, 2008

I ® model equilibriumr £ B = ¸ B ¸ = ¸ 0

h
1 ¡

³ r
a

´ ®0
i

I cylinder- a = :5m, B0 = :3T, ¸ 0 = 3 :5, ®0 = 3, S = 104

I stabilization with increasingv? (agreement Svidzinski 2003)
I velocity eigenmode altered (left), magnetic eigenmode

unaltered (right)
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Lorentz particle traces in FRC

I examine particles orbits in equilibrium axisymmetric FRC ¯eld
I jBjmax ' :1T , Rs = :4m, L = 4m
I gradient is stronger outboard (vs. inboard)

Charlson C. Kim, PSI-Center Hybrid Kinetic MHD in Finite Elements
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Preliminary comments on FRC's

I FRC is avery kinetic plasma
I usual MHD doesnot apply
I most particles are not con¯ned in the usual way

I \pinned" to a ¯eld line
I lowest energy particles partially ¯t this picture

I but strong drift motion

I NOT isotropic
I probablyNOT Maxwellian

Charlson C. Kim, PSI-Center Hybrid Kinetic MHD in Finite Elements
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3 categories of orbits based onvphi

I low energy
I obeys½¿ L
I dominated by drift motion
I long time orbit probably volume ¯lling

I mid energy
I \betatron"orbits

I small integer \clover"orbit pattern
I crosses the null
I never reaches the axis
I long time orbit usuallytraces a cylindrical annulus

I high energy
I orbit pattern mode numbern = [0 ; 1]
I con¯ned to outboard side of FRC
I never crosses null
I long time orbit traces a cylindrical shell

Charlson C. Kim, PSI-Center Hybrid Kinetic MHD in Finite Elements
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Low energy particles exhibit drifting cyclotron motion

I gyromotion and drift motion (fromr B drift) are apparent
I particles are colored withvÁ

I orbits are probably volume ¯lling but on avery long time scale

Charlson C. Kim, PSI-Center Hybrid Kinetic MHD in Finite Elements
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Mid-energy particles exhibit betatron

I betatron orbits with commensuratevz form interesting
structures

I both pictured orbits aren = 2 \clover"pattern
I di®erent \resonance"withvz

I both orbits exhibit more structure than a cylindrical annulus

Charlson C. Kim, PSI-Center Hybrid Kinetic MHD in Finite Elements
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Mid-energy particles colored byvz show even more
structure

I bands of positive and negativevz

I some orbits show a crystalline structure

Charlson C. Kim, PSI-Center Hybrid Kinetic MHD in Finite Elements
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End on view of truncated orbit show clover pattern

I FRC endview
I particle trace illustratesn = 2 and n = 3 structure
I n's of 5,6 also seen.
I probably limited to lown » 10

Charlson C. Kim, PSI-Center Hybrid Kinetic MHD in Finite Elements
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More typical mid-energy particle orbit

I non-commensuratevÁ; vz

I more typical mid-energy orbitsn = 2 ; n = 3
I ¯lls up the cylindrical annulus
I particular n = 3 orbit has low vz

I highern penetrates deeper towards axis

Charlson C. Kim, PSI-Center Hybrid Kinetic MHD in Finite Elements
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Highest energy particle orbit entirely outboard

I orbit characterized byn = 0 ; 1
I n = 0 axisymmetric orbit, shelll has no width
I n = 1 o®set orbit, shell of small but ¯nite width
I commensurate (wrtvz) and non-commensurate orbits exist
I highest energy particles con¯ned to outboard midplane!

Charlson C. Kim, PSI-Center Hybrid Kinetic MHD in Finite Elements
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Surprising Observations of Particle orbits in FRC

I ALL particle orbits near separatrix havevÁ > 0
I implies strong rotation and rotational shear
I complicated by drift motion

I strong anisotropy !
I not Maxwellian
I vÁ correlated withR
I vz correlated withZ

? vÁ energy shells ?!
I particle location depends on energy
I particle energy depends on location

Charlson C. Kim, PSI-Center Hybrid Kinetic MHD in Finite Elements
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Distribution function shows anisotropy

I spatially averaged distribution function invÁ; vz

I initialized with isotropic Maxwellian distribution (left)
I steady state distribution shows clear anisotropy - depopulation

of distribution for vÁ < 0

Charlson C. Kim, PSI-Center Hybrid Kinetic MHD in Finite Elements
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I FRC is not an MHD plasma

I very kinetic
I strong anisotropy
I most particles not con¯ned to ¯eld line

I all orbits near separatrix havevÁ > 0
I sort orbits into 3 categories depending onvÁ

I strong correlation between energy and position
I low energy most like usual plasma particle
I mid-energy withn > 1 betatron orbit
I high energy circulating orbits

I minimal discussion ofvz but it too is important
I commensurate values ofvÁ; vz
I although nomagneticrational surfaces exist, there are very

interesting and rich assortment of rational or near rational
orbits!

Charlson C. Kim, PSI-Center Hybrid Kinetic MHD in Finite Elements
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