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The Hybrid Kinetic-MHD Equations
C.Z.Cheng,JGR, 1991

I nh ¿ n0; ¯ h » ¯ 0, quasi neutrality, MHD momentum
equation modi¯ed by addition ofhot particle pressure tensor:
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= J £ B ¡ r pb ¡ r ¢ p
h

b; h denote bulk plasma and hot particles
I ½;U for entire plasma, both bulk and hot particle

I steady state equation

J0 £ B0 = r p0 = r pb0 + r ph0

I pb0 is scaledto accomodate hot particles
I assumes equilibrium hot particle pressure isisotropic
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Linearized Momentum Equation and±p
h
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I CGL-like±p
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I evaluate pressure moment atx

±p(x) =
Z

mhv ¡ Vhihv ¡ Vhi ±f (x; v)d3v

±f is perturbed phase space density,m mass of particle, and
Vh is COM velocity of particles
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The Hybrid±f PIC-MHD model
I advanceparticles and±f

zn+1
i = zn

i + _z(zi )¢ t

±f n+1
i = ±f n

i + _±f (zi )¢ t

I depositmoment±p(x) =
NX

i =1

±fi m(vi ¡ Vh)2S(x ¡ xi ) on FE

grid
I advanceNIMROD ¯eld equations with hybrid Kinetic-MHD

momentum equation

½s
@±U
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= Js £ ±B + ±J £ Bs ¡ r ±pb ¡ r ¢ ±p
h

I particle dynamics augement °uid dynamics
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PIC in FEM - nontrivial

I particles pushed in real space (R; Z) but ¯eld quantities in
logical space (́; »)

I particle coordinate (Ri ; Zi ) needs to beinvertedto logical
coordinates

R =
X

j

Rj Nj (´; »); Z =
X

j

Zj Nj (´; »);

I iterative process
I sorting and parallelization done at same time
I sorting done by a bucket sort
I computationally most demanding - greatest room for

performance increase
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PIC options

I two equations of motion available
I drift kinetic equations of motion
I full Lorentz force equations of motion

I eventually provide capability of direct comparison
I several distribution functions are available

I slowing down distribution
I Maxwellian
I monoenergetic
I monoenergetic, novk

I several spatial pro¯les are available
I proportional to MHD pro¯le
I uniform
I peaked gaussian

I room for growth
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Drift Kinetic Equation of Motion

I follows gyrocenter in limit ofzero Larmour radius

I reduces 6D to 4D + 1
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1
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I drift kinetic equations of motion
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Slowing Down Distribution for Hot Particles

I slowing down distribution functionfeq =
P0 exp(P³

Ã0
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I P³ = g½k ¡ Ã canonical toroidal momentum," energy,Ãp

poloidal °ux, Ã0 gradient scale length," c critical energy
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±f and the Lorentz Equations
I Lorentz equations of motion

_x = v

_v =
q
m

(E + v £ B)

I for Lorentz equations use1

feq = f0(x; v2) +
1

! c
(v ¢b £ r f0)

I weight equation is

_±f = ¡
±E + v £ ±B

B
¢b £ r f0 ¡

2q
m

±E ¢v
@f0
@v2

1M. N. Rosenbluth and N. Rostoker \Theoretical Structure of Plasma
Equations", Physics of Fluids2 23 (1959)
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Drift orbits reveal trapped and passing trajectories
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Ion orbits nontrivial in ICC devices
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Full ion orbits exhibit drift motion in tokamak
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Ion orbits in tuna can spheromak
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Drift kinetic (1; 1) kink benchmark agrees with M3D
C. C. Kim, Phys. Plasmas 15 072507 (2008)

I monotonicq, q0 = :6; qa = 2 :5, ¯ 0 = :08, R=a = 2 :76
I dt=1e-7, ¿A = 1 :e6
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Full orbit recovers drift kinetic result

¯ frac scan of (1; 1) benchmark kink
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FLR Stabilization of Tearing Modes in a RFP
C. C. Kim, Journal of Fusion Energy, Vol 27, 2008

I ® model equilibriumr £ B = ¸ B ¸ = ¸ 0

h
1 ¡

³ r
a

´ ®0
i

I cylinder- a = :5m, B0 = :3T, ¸ 0 = 3 :5, ®0 = 3, S = 104

I stabilization with increasingv? (agreement Svidzinski 2003)
I velocity eigenmode altered (left), magnetic eigenmode

unaltered (right)
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Energetic particle e®ects on (2; 1) resistive tearing
GP8.00095 R. Takahashi, "Kinetic E®ects of Energetic Particles on Nonlinear Resistive
MHD Stability"

I comparison of experiments indicates presence of energetic ions
may stabilize (2; 1) mode

I linear NIMROD simulations indicate this is possible
I two recent publications

I R. Takahashi, D. P. Brennan, and C. C. Kim, Phys. Rev. Lett.
102, 135001 (2009)

I R. Takahashi, D.P. Brennan and C.C. Kim, Nucl. Fusion 49
No 6, 065032 (June 2009)

I ongoing studies, nonlinear and two-°uid e®ects
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Giant sawtooth simulations
NP8.00114 D. Schnack, "Numerical Simulation of Giant Sawteeth in Tokamaks Using
the NIMROD Code"

I sawtooth is a macroscopic (n = 1) disruption characterized by
long build with rapid crash

I A. Turnbull (GA) successfully reproduces experimental
sawtooth crash with Porcelli model (internal kink as trigger)
coupled to transport code

I crash due to decrease in non-ideal stabilizing e®ect
I idealized assumptions

I Bussac model of internal kink - rigid shift ofq < 1 volume
I only \driving" resonant trapped particles!

R
( ? ) ±(¹ ¡ ¹ 0)dE

I use NIMROD to test and extend beyond theory
I early stages of simulation campaign
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Future Directions for the Hybrid Kinetic-MHD model in
NIMROD

I improve performance
I improve parallelization - decomposition withnlayer , domain

cloning, asynchronous
I improve e±ciency - utilize sorted particle list, try type of arrays

data structure
I improve algorithms

I improve ¯eld extraction, interpolation/deposition
I full f option, hybrid nonlinear mode, multi-species, current

coupling
I applications

I continue collaboration on (2; 1) tearing, giant sawtooth,
tearing in RFP's

I m = 0 edge mode (V. Mirnov, MST)
I TAE's prompted by D. Spong
I FRC applications and other ICC's (LDX,Bellan,SSX)
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Improvements to Parallelization

I decomposition withnlayer
I work with NIMROD's domain decomposition (next slide)
I forces deposition in real space
I particles reside in nlayer subdomain of rblocks

I improve load balancing
I particle based domain partitioner
I decouple particle domain from ¯eld domain for better load

balance
I domain cloning

I redundant ¯eld solves (clone NIMROD domain)
I increase particle statistics
I rollo® atnclones » 10

I asynchronous MPI calls - interleave communication and
computation
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Domain Decomposition withnlayer > 1

il=0

n=0

n=1

n=2

il=1

Normal Decomp

il=0

il=1

iphi=1

iphi=2

Configuration-space Decomp.
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Improvements to E±ciency

I use exact solver for getting (´; »)
I use sorted list to decrease cache thrashing
I datatype - type of arrays
I advanced integrators
I integrate in (́ ; »)

Charlson C. Kim, PSI-Center Hybrid Kinetic MHD in Finite Elements



Hybrid Kinetic MHD
future directions

performance improvements
algorithm improvements
applications to RFP's

Improvements to Algorithms

I improveB; E extraction from NIMROD subroutines
I improve gather/scatter

I H.O.F.E.
I quadrature interpolation
I advanced shape functions

I couple through current instead of pressure
I better for zero¯ simulations

I full f option - PIC or otherwise
I multi PIC species/models
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E®ects of Toroidicity in RFP's

I extend RFP study to include toroidicity
I NIMEQ- generate consistent toroidal equilibria for NIMROD
I energetic particles

I characterize particle orbits
I compare drift orbits to full Lorentz orbits
I study impact of FLR on toroidal tearing mode
I impact of ¯nite ¯
I NBI, TAE's and EPM's in RFP's

I study m = 0 modes
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Passing Particle Drift Orbits
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Trapped Particle Drift Orbits
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MST m = 0 simulations
collaboration with V.Mirnov, U.Wisc.

I Madison Symmetric Torus is an reverse ¯eld pinch
at U.Wisc.

I use force freȩ modelr £ B = ¸ B
I current pro¯le characterized by Fermi distribution

¸ (r ) = ¸ 0

£
exp r ® ¡ d®

w + 1
¤¡ 1

¡
£
exp1¡ d®

w + 1
¤¡ 1

£
exp ¡ d®

w + 1
¤¡ 1

¡
£
exp1¡ d®

w + 1
¤¡ 1

I current pro¯le driven by nonlinear tearing and in
high performance shots

I analytic cylindrical model showm = 0 unstable
I use NIMROD to explore toroidalm = 0
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Equilibrium generation with NIMEQ

I pro¯les can be integrated to produce input forNIMEQ
I from (cylindrical) equilibrium output the following:

I Ãp =
R0

a Bµdr
I d ~F

dÃ = ¡ ¸ £ a
I ~F = Baxial=B0

I NIMEQwant functions of 1¡
kÃpk
kÃ0k

I for toroidal NIMEQ
I dF

dÃ = atorus £ d ~F
dÃ

I F = ~F £ B0torus £ Raxis
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Cylindrical Eigenmodes (from shear perturbation)

°¿A = 8 :4 £ 10¡ 3
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Toroidal Eigenmodes show shift

toroidal cylindrical

I transfer cylindrical
¸ pro¯le to NIMEQ

I ° £ ¿A =
8:15£ 10¡ 3

I Shafronov shift
±r = 0 :043
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Power Spectrum -ln(EB) vs. n

cylindrical toroidal
I natural logarithm of magnetic energy vsn gives relative

growth rate vs mode number
I toroidal case peaks at lowern, rolls o® faster
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Summary Status of particles in NIMROD

I particles are moderately robust in linear NIMROD
I general parallelization in rblocks

I run on » 100's procs with» 10M's particles
I running some physics problems

I successful (1; 1) kink benchmark with M3D
I FLR e®ects on tearing modes in RFP's
I (2; 1) resistive tearing mode (D. Brennan and R. Takahashi, U.

Tulsa)
I giant sawtooth (D. Schnack, U. Wisc.)

I active user base drives continued development
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